Lazard completion of a group and free differential graded algebra models over subrings of the rationals  by Cenkl, Bohumil & Porter, Richard
To,,ology Vol. 23, No 4. pp. 445-W. 1984 
Prmtcd III Great Bntam 
0040-9383 X4 $3 WI+ 00 
..A I 19M4 Pergamon Press Ltd. 
LAZARD COMPLETION OF A GROUP AND FREE DIFFERENTIAL 
GRADED ALGEBRA MODELS OVER SUBRINGS OF THE 
RATIONALS 
BOHUMIL CENKL and RICHARD PORTER 
(Received 8 Nooember 1983) 
INTRODUCTION 
AN IMPORTANT category of groups, called Lazard groups, was introduced by Lazard [21]. 
Lazard’s work provides a general setting in which one has both the structure of a group and of 
a Lie algebra on the same set. These two structures are related by the Campbell-Hausdorff 
formula and its inverse. 
Associated to each group G there is a Lazard group, c, called the Lazard completion of G, 
and a homomorphism G + c. The Lazard completion is a stronger invariant than the Malcev 
completion and contains information about torsion in the group. The Lazard completion 
tensored with the rationals is the Malcev completion. 
The purpose of the paper is to compute the Lazard completion of the fundamental group 
of a space from the tatie de Rham complex of differential forms on the space. In addition to 
this main result there are the following corrollaries and contributions: (1) the isomorphism 
between the Malcev completion of a group and the Lie algebra of a l-minimal model, [YJ, is a 
special case of the present result, (2) the technique of iterated integrals [l 11, is extended to the 
tame de Rham complex, (3) our earlier result [9] where the graded Lie algebra structure of 
x1 (X) is computed from the filtered Cartan-Miller forms [4], [23], follows. 
The main result of this paper is a key step in proving that the cohomology of a finitely 
generated torsion free nilpotent group is isomorphic to the cohomology of the formal Lie 
algebra of the group when certain initial primes are invertible in the coefficient module. This 
extends results of Nomizu [24], and Lambe and Priddy [19], and will appear in a subsequent 
paper. 
For any simplicial complex, X, we define the tame de Rham complex, T(X). Elements in 
T(X) are obtained by piecing together certain naturally defined differential forms on the 
simplices of X. T(X) is a commutative differential graded algebra over the integers. 
Information about torsion in the homotopy and cohomology of X is obtained via a filtration 
of T(X). 
In previous work the tame de Rham complex was used to: (1) obtain information about 
torsion in successive quotients in the lower central series of a group [9], (2) establish an 
equivalence between the Tame homotopy category of Dwyer [14] and a category of 
commutative differential graded algebras over the integers [6], [7] and (3) give an algebraic 
characterization of the set of homotopy types of simply connected spaces with certain fixed 
integer cohomology groups [S]. 
The objective of these results is to obtain computable algebraic models of a space that 
contain information about torsion in the homotopy of the space. This work is motivated by 
the results in rational homotopy [l], [3], [ll], [12], [13], [16], [17], [lS], [25], [26] and 
[27]. An alternate approach to integer homotopy is presented by Baues in [2]. 
This paper is organized as follows: Section 1 contains the definition of Lazard groups and 
algebras. Free tame algebras and the associated ual Lie algebra are defined in Section 2. The 
tame de Rham complex and the l-model of a space are defined in Section 3. Section 4 contains 
the definition of the algebra of iterated integrals of forms in the tame de Rham complex and 
the properties of these integrals used to prove the main result. In Section 5 it is proved that the 
Lazard algebra dual to a l-model for X is naturally isomorphic to the Lazard completion of 
n1 (X). 
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We wish to thank the referee for his helpful comments and for permission to use his proof 
of Proposition 4.5. 
$1. LAZARD GROUPS AND ALGEBRAS 
Let L be a Lie algebra over the integers H. Ajiltration on a Lie algebra L is a decreasing 
sequence of subalgebras 
L=F,LzF,Lz . . . 
such that [F,L, F,L] s F,+,L. Thus each F,L, i = 1,2, . . . , is an ideal of L and the 
associated graded module 
gr(L) = @ FiLIFi,,L 
iT1 
has a natural Lie algebra structure. 
For a nonnegative integer i, Qi denotes the smallest subring of the rationals, Q, which 
contains l/p for each prime p I i. Note Q. = Qi = Z. 
A Lam-d algebra is a Lie algebra L over H together with a filtration { F,L} such that: 
(1) For each i 2 1, F,L is a Qi-module. 
(2) For each i 2 1, the nilpotent Lie algebra, gr(L/F,+ 1 L) @Qi is generated by 
(L/L,) 0 Qi* 
(3) L = lim(L/F,L). 
Asso+atei’to any Lie algebra L over Z there is a Lazard algebra z together with a map: 
I: L + L such that if L is filtered by setting F, L = L, Fi+ 1 L = [L, F, L) then II is filtration 
preserving and the induced map I Fl ((F,L/F,+ 1 L) @Qi) + gr (z) is an isomorphism. z is 
called the Lazard completion of the Lie algebra. 
A filtration { F,G) of a group G is a decreasing sequence of subgroups 
G = FIG 2 F,G 1 . . 
such that [F,G, F,G] s F,+,G. Thus the commutator [ , ] on G induces on 
gr(G)= @ FiG/Fi+lG 
i2l 
the structure of a Lie algebra. 
A Lam-d group is a group G together with a filtration {F,G} such that: 
(1) For each i 2 1, F,G/F,+ ,G is a Qi module. 
(2) For each i 2 1, the nilpotent Lie algebra, gr(G/F,+ iG) @ Qi is generated by 
(GIFzG) 0 Qi- 
(3) G = lim (G/F,G). 
Associatedito any group G there is a Lazard group c together with a map g: G + c such 
that if G is filtered by its lower central series subgroups; F ,G = G, F, + 1 G = [G, Fi G]; then g 
is filtration preserving and the induced map 
is an isomorphism. G is called the Lazard completion of the group G. 
It was shown by Lazard [21] that the Campbell-Hausdorff formula establishes an 
isomorphism between the category of Lazard algebras and the category of Lazard groups. 
Under this correspondence the graded Lie algebra of a group and the graded Lie algebra 
associated with the Lazard algebra corresponding to the group are the same. 
If the subrings Qi are replaced by Q in the above definitions then the Lazard algebras 
become complete filtered Lie algebras over Q. The Lazard groups are replaced by the groups 
studied by Malcev [22] and the completion becomes the Malcev completion. 
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Example 1. This is an example of a group and its Lazard completion. 
1 a c 
Let G be the group of the matrices 
[ 1 
0 1 b where a, b and 2c are integers. The lower 
0 0 1 
central series subgroups are F,G = G, F,G = [G, G] = H, F,G = e = the unit for i 2 3. 
Moreover, 
F,G/F,G = Z + Z + H /2B, F,G/F,G = Z. 
Define a Lie algebra Las follows: L = Z + H + i2 /2 Z + Q2 as a Z-module. Let Xi, X1, X, 
be the generators of the H-modules E, h, Z/2 Z and let X, be the generator of the Q,-module 
Qz .The Lie algebra structure on L is given by the bracket 
[X,, X,] = -[X,, X,] = +2x*, [X,, Xj] = 0 
otherwise. Then the filtration is given by F,L = L, F,L = Q2, FiL = 0 for i 2 3. It is 
immediate that L together with this filtration is a Lazard algebra. The Campbell-Hausdorff 
formulaAoB=A+B+_$[A,B]+ . . . gives to L a structure of a Lazard group GL. GL is 
the Lazard completion G of G. The homomorphism g: G + G = GL is given by the map 
1 a c 
9: 
[ I 
0 1 b + aXI + bX2 + 2cX, + (2c - ab)X,. 
0 0 1 
It induces an isomorphism of graded Lie algebras gr (G) +‘gr (L), in particular isomorphisms 
of the modules 
F,GIF2G + F,LIF,L, (F,G/F,G) @Qz -, F,L/F,L. 
$2. FREE TAME ALGEBRAS AND DUAL LIE ALGEBRAS 
Next we generalize the duality between a finite dimensional Lie algebra over the real 
numbers, R, and its Koszul complex. 
A finite dimensional exterior algebra over R generated by elements in dimension one 
determines a finitely generated Lie algebra over R as follows. Suppose that {q , . . . , co,} is a 
basis for the exterior algebra A = @ A i, oj E A’,j = 1, . . . , n, and let the differential d on A 
iz0 
be given by 
do, = - i;j a@iaj. 
Set L(A) = Horn (A’, R) and xi the elements of L(A) such that Xi(Wj) = 6,. Define a bracket 
on L(A) by setting 
The Jacobi identity 
[xi, xj] = F afjxk. 
CCa, bl, cl + CCc,albl+ CCb,clal = 0 
corresponds to the relation d2 = 0 in A. 
Definition of a free tame algebra 
The notion of a free tame algebra differs from the above mentioned finitely generated 
exterior algebra in three ways: (i) there are generators of dimension one and two in order for 
the dual Lie algebra to have torsion, (ii) the algebra has a filtration, (iii) the elements of 
increasingly high filtration‘form modules over increasingly large subrings of the rationals. 
This divisibility corresponds to the divisibility necessary for the Campbell-Hausdorff to be 
defined on the dual Lie algebra. 
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Let R be a commutative ring with a unit and let V ’ and V ’ be free R-modules with bases 
{oi j, i E I, and { ;I~}, IE I, respectively. Let ER ( V ‘) and PR ( I’ 2, be the exterior and 
polynominal algebras respectively. On the algebra 
A(V)=E,(V’)@P,(V2) 
define the differential d by the formulas 
dy, = - 1 c~,,,w~Y,,, + c dfjk oiojok. 
i.m i>jzk 
Set Ci = Horn, ( V i + ‘, R), i = 0,l. The indecomposable part of the differential on A(V) 
dualizes to the map 
a: c, --+c, 
given by dy, = -xb:xk, where Y,(Y,) = a,,,,; Xi(oj) = dij. Set d z 0 on C,. The quadratic 
part of the differemial on A( V ) induces a skewsymmetric pairing 
c 3 1: c, @C, + c, 
by setting [xi, xj] = xabx,, a: = -a;i. Denote by 
LA = LA(V) 
the zero-th homology of the complex {C,, a>. The pairing [ ] on C, induces a Lie 
bracket on LA( V) which satisfies the Jacobi identity since d2 = b on A( V ). The operation 
I: ] on C, satisfies the Jacobi identity if and only if dfjk = 0. LA(V) with the Lie 
algebia structure [ ] is called the Lie algebra associated with A( V). Ajiltered algebra 
is a communtative differential graded algebra A over the integers together with a collection of 
submodules Apvq, p 2 0, q 2 0 such that: 
(1) A P.4 c AP4+ 1 - p 2 0, q 2 0, 
(2) The product on A maps Apvq @A’,” into Ap+‘,q+‘, 
(3) The differential on A maps Apa into AJ’+ lSq. 
The elements of Ape4 are said to have dimension p and filtration q. A tame algebra is a filtered 
algebra A such that Apvq, is a Q,-module. 
Given two graded Z-modules V 1 = @ V lvq, V 2 = @ V 2*q, q 2 1, set 
q21 q2 I 
T(V)=E,(V1)@f’z(I:2). 
The bigrading on V = @ V P*q induces a filtration T ( V) as follows: assign to each monomial 
UET( V) a weight 
and 
/wll = q if UE Vp*q, p = 1 or p = 2, 
IIn @VII = Ilull + IIVII. 
Denote by T;vq( V ) the submodule of T( V) generated by monomials of dimension p and 
weight 5 q. Then set 
TPvq( V) =T’;*‘( V)@Q,. 
A free tame algebra is the filtered algebra T(V) together with a differential d such that: 
TP*q( V) G TP*‘J+‘( V), 
d: TJ’*q(V)-+Tp+l*q(V). 
We say that T( V) is of-finite type if each V p*q is finitely generated. 
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A free tame algebra of finite type, M, determines afiltered Lie algebra LM as follows: Set 
M(n) = E, (,~~Il.q)~P~(q~~~.z,q)oe., n21. 
Let LM (n) be the Lie algebra associated with M (n). For n 2 1 define inductively Lie algebras 
L, and the maps 
4,: L,-+LM(n), Pn+~:L,+,+L,. 
Let 
L, = LM (l), 4r = identity 
Suppose that L, and 4, have already been defined. Then L, + 1, 4. + 1 and p” + 1 are defined by 
the pullback diagram 
L 4 It, n+l , LM(n+l) 
I 
Pn+r 
I 1 
(iA 
L” 9.04 , LM(40Q,+l, 
where j, denotes the inclusion of M (n) @ Q, + 1 into M (n + 1) and i, denotes the inclusion of 
Q. in Qn+,. Set L = LM = lim L, and set f. equal to the projection 
-n 
f,: L + L”. 
Filter L by setting 
F,L = L, F,+,L = kerf,, n 2 1. 
Then L, = L/F,L is an abelian Lie algebra with the bracket equal to zero and there are 
isomorphisms 
4, k LIF,,, L, kerp, z F,L/F,+,L 
forn 2 l.ThesequenceO+kerP,+, + L,+l + L, + 0 is a central extension of Lie algebras 
with ker P, + 1 a Q,+ 1 module. Furthermore, since M is a free tame algebra there is enough 
divisibility in each L, for the Campbell-Hausdorff ormula to define a group structure on L,. 
L, with this group structure will be denoted by CL,. Set GLM = IimGL,. 
.-PI 
Hence L with the filtration F satisfies the conditions (1) and (3) for the Lazard algebra, but 
it may not satisfy the condition (2). 
Example 2. Consider the following Z-modules: 
C. ‘.’ with the generators M‘~, We, We. 
I”.’ with the generator w4. 
P’ 2* ’ with the generator y. 
Set M (1) = E2 (I.‘.‘) @I’, ( L’2,1) with the differential defined by dwI = dw, = 0, 
dcc, = 2:. d: = 0. and 
M(2) = E,(V’,‘OV1,2)OPz(V2*1)0Qq 
with the differential 
Set 
dwl =dwz=O,dw,= ,, 2-l dw4 = -M’~w~ --i’, dy = 0. 
Ci(j)=Hom(1~“1~~,Qj).i=0.1.j=1.2. . 
Let Xi, j’ be the generators of C. ( .) dual to H’, and ;’ respectively. Then the homology of the 
complex {C,(l), ?i is 
LM(l)= Z@Z@Z 22 
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with the generators denoted by _+Zi, Z , Z,, and the homology of the complex {C,(2), a} is 
LM(2)” QzOQtOQz 
with the generators denoted by xi, x2, x3. Then L, = LM (1) is the Lie algebra over E with 
the generators X1, X,, .f3 and L, is the Lie algebra over Qz with the generators denoted again 
by 1,) 1,, I,. The map p2 : L, + L, is given by pz (2,) = fl, & (iI) = X,, pz (f3) = 0. Hence 
x3 generates ker& and L, is an extension of kerp, by L,. 
The Lie algebra LM is the Lie algebra L in example 1. 
$3. DERHAM THEOREM AND l-MODEL 
In this part we define the tame deRham complex associated with a simplicial set and state 
the deRham theorem for this algebra [lo]. 
Observe that each N-simplex has a canonical subdivision into cubes obtained by viewing 
the N-simplex as a homeomorphic image of the subset of the boundary of the standard 
(N + 1)cube in (N + I)-dimensional euclidean space. This subset is called the N-simplex and 
is defined by 
x0,x1 ,..., x, OIX~II, 
The two simplex, for example, is subdivided into three two dimensional cubes by the 
identification illustrated in the following figures 
(i) (ii) 
Fig. 1: 
A simplicial algebra of polynomial forms is defined by taking as forms on the N-simplex 
A[N] the compatible forms on the cubes of the simplex. Face and degeneracy operators on 
these forms are pull backs of maps of simplices which preserve the cell structure defined by the 
cubing. 
For each N 2 0 define the algebra 
T, (z) = Pz (xc, . . . , x,1 04 W,, . . . , dx, )/I, 
where I is the ideal generated by the monomials 
x”oo(dx,p.. .x$’ (dxN)E~, 
where the ails are non-negative integers, q = 0 or 1 and ai + .si > 0 for all i. co + . . . + E, is 
called the degree of the monomial. Denote by e, the unit of TN (Z) its degree and weight are 
zero, max (ai + Ed} is called the weight of the monomial. 
Remark. TN (2’) can be alternatively defined by the basis eN, xz(dxo)gO . . . x,f.~ (dX~)CN 
satisfying the condition fi (ai + q) = 0. 
i=O 
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are defined for i = 0, 1, . . . , N by setting: 
dieN = eN_.l, 
d,x,, = :,_I 
/ 
if k < i, 
if i 5 k, 
xk-l if k > i, 
Vtf = eN-1 
xk if k < i, 
SiXk = 
I 
xkxk+t if k = i, 
xk+l if k > i. 
Remark. The map di, si are induced by the maps 
A[N -11%. A[N] 2 A[N + l] 
6i(XOvXlr. . 9 x.-1) = (xCl9 - a * 7 Xi-17 lyxi,. 1. 3 X,-l), 
Qi(X~~X1~~~~rX~+~)~(X~~~~~~Xi-1~X~Xi+~~Xi+2~~~~~X~+~)~ 
The maps di, Si satisfy the standard identities for a simplicial object. Hence we have 
PROPOSITION 3.1. T(E) = {TN (E)},,c has the structure of a simplicial dzrerential graded 
algebra over the integers. Furthermore, 
T(E) = @ TP(Z) 
PkO 
where Trg4( Z) is the simplicial module of elements (firms) of degree p and weight I q. The 
exterior product of d@erentiaJ forms, induces a pairing 
A:TP1.41(Z)OTPz.qz(Z)-_,TP1.4z.q1+4z(jZ) 
and the dzfirential maps Tp*q( Z) to Tp+‘lq (Z). 
Definition. For any simplicial set X, T (X; Z) denotes the differential graded, filtered 
algebra of compatible forms on the simplices of X. TPVq(X) denotes the B-module of maps of 
simplicial sets from X to T p*q ( Z). 
Now we localize each module TFq( Z) by setting 
For any Q,-module K set 
Ttq = Tivq iZ oZ Q,. 
Tkq(K) = TjSq @q,K = Tk‘J( H) @r K. 
TpVq (X; K) denotes the Q,-module of maps of simplicial sets from X to TpVq(K). Let I: 
T.Yq(X : K) + C(X; K) denote the map of complexes induced by the integration of forms over 
simplices, where C(X; K) stands for the cochain complex of X with coefficients in K. 
THEOREM 3.1. For any Q,-module K, any simplicial set X and q 2 1 the morphism I induces 
an isomorphism of Q,-modules 
forp=O,l,.... 
I: Hr(T*, q(X; K)) -+ HP(X; K) 
Let ql, q2, q3 be positive integers, q3 2 q1 + q2 and let Ki be a &-module, i = 1,2,3. Let p: 
K, x K, + K, be a pairing. Then the following diagram commutes 
HP1 (T*ql(X; K,))@Hr~(T*q~(X; K2))b+r~(T*(X; K,)) 
W(X; K,) @W(X; K2) ” 
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here A denotes the map induced by the wedge product of forms together with the pairing p 
and u is induced by the cup product and p. 
Proof. [IO] 
Remark. Note that the isomorphism of modules, in the above theorem, is valid when 
K = Z and 4 = 1, i.e. when the forms have filtration 1. 
Remark. A filtered version of Cartan-Miller forms [4], [23] was used in our study of the 
relationship between the fundamental group of a space and differential forms on the space 
[9]. The best results were obtained under the assumption that the first integer homology of 
the space was finitely generated and free. The effort to eliminate the freeness assumption lead 
us to the construction of the complex T. 
Definition. A free tame algebra of finite type, M = M (X), together with a map of tame 
algebras p: M + T(X) is called a l-model for the simplicial set X if p followed by integration 
of forms induces: 
(i) isomorphisms 
H,(X; Q,) --* Hi(M *Vq) for i = 0, 1, 4 2 1, 
(ii) epimorphisms 
H,(X; Q,) + H,(M **‘J) for q 2 2. 
Hi(M **q) denotes the i-th homology group of the chain complex Hom(M **q; Q,). 
THEOREM 3.2. [9]. Let X be an arcwise connected simplicial complex with H 1 (X, Z)jinitely 
generated. Then there is a l-model M = M (X) and a morphism oftame algebras p: M + T(X) 
such that: 
(i) LM is a Lazard algebra, 
(ii) gr(LM) and gr(rtl (X)) are isomorphic graded Lie algebras, 
(iii) Ifp,: M, +T(X)andp,: M, + T(X) are two 1-modelsfor X then there is a morphism 
f: M, + M,, unique up to a homotopy, such that the diagram 
is homotopy commutative. Any such mapf’induces an isomorphism of’ Lazard algebras LM, 
+ LM,. 
Example 3. Let X be the two dimensional cell complex corresponding to the group 
presentation G = {sr, g2, g3 I (g2, sl)si2 = (gJ,g1)=(g3,g2)=e}.LetMbethefreetame 
algebra with the generators w1 , w2, w3 of dimension 1 and filtration 1, wq of dimension 1 and 
filtration 2. Let d be the differential on M, dw, = dw, = 0, dw; = 2y, dw, = - wlwz - 7. 
Subdivide X into triangles. Then we construct the map p: M -r T (X) as follows: Let 
C, , C,, C, be the circles in X corresponding to the generators gr , g2, g3 in the presentation. 
For j = 1,2,3 choose elements Uj E T’* r ( ; Ci) so that aj vanishes on Ci, i fj; and the 
i=l 
integral of ai over Ci is equal to 1. Then define p: M + T (V Ci) by p (Wj) = aj for j = 1,2,3 and 
p(wJ = 0. Then lift p to a map p of the commutative diagram 
M 7 T(t) > T(“C,). 
Then M is a l-model for X. Note that rrl (X) is the group G of example 1. The Lazard 
completion of rrl (X) is the group G. From the example 2, L is the Lazard algebra dual to M. 
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Hence for X we see that the Lazard completion of rri (X) is isomorphic to the group GL where 
L is the Lie algebra dual to a l-model for X. GL is the set L with multiplication given by the 
Campbell-Hausdorff formula. 
$4. ITERATED INTEGRALS 
The construction of iterated integrals [l l] is extended to the tame algebra T(X) for any 
simplicial set X. The resulting algebra of iterated integrals j T (X) has a filteration induced by 
the filtration of T(X); 
where s**’ T(X) is a Q,-module. 
The integration over simplices defines the usual pairing 
y:C,(X; Qq)@TPqq(X)+Qq for p2 0, 
and also a pairing 
Y: Cp+lGC Q,)O s “‘T(X)+Q for ~20. 
The image of s y does not belong to the subring Qq, in general, as one would expect. However, 
it does always belong to Q, for p = 0 and for p = 1 on the pairs c @w with w a closed form. 
For fixed WE~‘*~T(X), J w = j y (. @w) is defined on the space of paths P(X) of X. It is 
. 
proved that this map depends only on the homotopy classes of paths with end points fixed. 
This important technical result is used to match the divisibility in the Lazard algebra with the 
divisibility in the filtered Lie algebra associated with a free tame algebra model. 
Recall the construction of the geometric realization I XI of a simplicial set X. Let 
X={X,}n20anddi:X,_,+X,,si:X,+X,+, be the face and degeneracy operators. Let 
hi: A[n - l] + A[n] and cri: A[n] + A[n + l] be the operators defined in previous section. 
Then give X the discrete topology and denote by IX I the quotient of the disjoint union 
.yo (X, x A[n]) by the equivalence relation 
(dix,,Y,-i) 1~ (x,,~~Y,-~),x,EX,,Y~-~EACC~-~]. 
(Denote by rr: X, x A[u] + IX I the projection.) 
(six,, Y,+ 1) * (~“3 biYn+ I), xn EACH + 13. 
Following the general idea of Chen [l 1] we give IX I the structure of a differentiable space. 
Denote by I” = {xi,. . . , x, E R” IO I Xi I 1) the standard n-cube. Set 
a,: I” + A[n], 
and 
c(i(xi3. . . 5 x,) = (x,, . . . 9 xi-l, O, Xi,. . . 9 X.)3 
r=~,:A[n]-+axA[n] 
r(x) = (a, x) for a fixed element Q E X,. 
A plot is a map 4 of a convex subset V of a euclidean space into IX ( which is defined as the 
composition of a smooth mapf: V + I” with maps, cli, ~~ and x, as indicated in the diagram 
V 4 ,IXI 
f 
1 
n 
1”“%A[n] & 
: 
CJ x A[n] 
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it follows that the family of plots $I defines on 1x1 the structure of a differentiable 
space. 
A dijkrentialform w on a diflerentiable space is a rule which assigns to each plot 4: U + Y 
differential form w+ on U such that if 8: V + U is a smooth map between convex sets (not 
necessarily of same dimension) then w~.~ = 0*w+. Denote by A(Y) the commutative 
differential graded algebra of forms on Y 
For any simplicial set X there is the tame algebra T ( IX I ) = T(X) and the obvious map 
where A(X) =,4(1X(). 
T(X) -+ A(X), 
A piecewise smooth path (or simply a path) in a difirential space Yis a continuous map a: 
I = [0, l] + Y such that for some partition 0 = t, < . . . < t, = 1 of I each restriction 
a I [ti- 1, ti] : [ti- 1, ti] + Y is a plot. Denote by P (Y) the space of paths with the compact open 
topology. Every map a: U -+ P(Y) gives rise to a map 4,: U x I + K called the suspension of a, 
4,(5, t) = a( t)(t). P(Y) has also the structure of a differentiable space. A plot of P(Y) is a 
contindous map a: U + P(Y) such that for some partition 0 = t, < . . . < t, = 1 of the unit 
interval I the restriction (b, to each U x [ti _ 1, ti] is a plot of ‘I: 
Now we are ready to define rhe algebra of iterated integrals. Let U be a convex region in 
Iw”3<=(5l,..., {“) and let A( U ) be the algebra of differential forms on U. An A( U )- 
valued function on Z is defined to be a form in A( U x I) of the type 
For a, bEZ set 
s b (S b w(t)dt = c 4, ..,i, (5, t)dt d5’1 A . . . A d&. (t II > 
Then 
s 
f 
w (r)dt is an A( U )-valued function of t. 
D 
For WI(t), . . . , w,(t) E A( U x I) define inductively 
s 
b b 
w,(t)dr . . . w,(t)dt = 
II s (s 
I 
w,(t)dt . . . w,_ 1 (t)dt A w,(t)dt. 
s (I 
Let w be a (p + l)-form on the differentiable space Y. If a: U -+ P(Y) is a plot then w$_, which is 
piecewise defined on U x I, can be written as dt A w’(t) + w”(t), where w’(t) and w”(r) are 
piecewise defined A( U )-valued functions of t e I. Define w(a, 6) = w’(t). Set 
A+(Y) = 1 AP(Y). 
P’O 
For wlr . . . , W,E A+ (Y) the iterated integral is the element 
s wy...w, 
of AP( Y) defined by 
foraplota: U+P(Y). 
Denote by ei: P(Y) + I: i = 0, 1, the projections of paths at the first and last points. 
Furthermore for any p-form w denote Jw = ( - 1);. 
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PROPOSITION 4.1 (Chen [ 1 l] ). Let wi , . . . , w, E A + ( Y) then 
d wi... 
I 
WI== i (-1)’ 
s 
Jw,... Jwi_,dwiwiwi+, . . . w, 
i= 1 
-i$1(-l+w1.. . JWi-l (JWi A Wi+l)Wi+z . . . W, 
-etw, A Jw2.. . wr+(J[wl . . . wr-,) * e:w,. 
Leta,/3:U-*Z’(Y)beplots.Letr:ZxU + I be a smooth map r(0, 5) = 0, ~(1, <) = 1 for 
any t E V. Then j3 is a reparametrization of a if 
for (t, r)El x U. 
P(W) = a(5)(r(r, 5)) 
PROPOSITION 4.2 (Chen [l l] ). If/? . IS a reparametrization f a then 
([wl...w,),=(/wl...w,>. 
Let a, /3: U + P(Y) be plots with a(<) (1) = /3(<)(O) for 5~ U. 
The composition of plots 
a/l: U + P(Y) 
is defined by 
aB(W) = 
i 
a(OW if 0 I t 5 $, 
/3(()(2t-1) if $1 t I 1. 
F’ROP~SITION 4.3 (Chen [ll J ). 
where swl . . . wi = 1 for i = 0. 
Denote by 
s 
A(Y) 
the algebra of the iterated integrals. This is a subalgebra of AP( Y). If A(Y) is filtered then 
there is well defined filtration also on jA( Y). Denote by 
s 
P 
A(Y) 
the submodule of elements jwi . . . w,, wiE APi.qi (Y) of degree p = f: (pi - 1). The 
i= 1 
filtration . . . c JPvqA(Y) c Jp*4+‘A(Y) c . . . of IPA is determined by the sub- 
modules f ‘*‘A(Y) generated by the elements jwr . . . w, such that q 2 i$, qi. 
Remark. The algebra JA( Y) is not tame in general even when A(Y) is tame. 
Since the algebra of iterated integrals as a subalgebra of AP ( Y) is closely related to the 
reduced bar construction BA( Y) we recall the definition of the bar construction. 
Let A be a differential graded algebra over a communtative ring. Set A+ = 1 AP. Define 
P’O 
BA= 1 A+@...@A+ 
n>l v 
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with the grading given as follows: If [a, I . . . la,] E A+ x . . . x AC (n-times) then the degree 
deg(Ca, I . . . IanI)= i (laiI-1)7 
i=l 
and the differential is given by the formula 
d[a,(... Ia.] = i$, (-l)‘+““-“[a, I . . . Ida,1 . . . .[a,]+: 
n-l 
+i& (-l)r+l(i) [a, I . . . la, A ai+ I . . . la.] 
where J.(k) = i (lujl -1). 
j=l 
If A is filtered then BA is also filtered by the submodules gpVq A c gp*q+ ’ c . . . where 
Bps4 A is the submodule generated by the elements [ai I . . . I a,], ai E APi.‘Ji, where p and q are 
determined by 
P = i$, (Pim1)3 4 2 i 4i* 
i= 1 
The algebra structure on BA is defined in the usual way. The construction scan be applied to 
the tame de Rham complex T(X), for any simplicial set X. We get the filtered algebra 
BT (X). 
On the other hand the construction of the iterated integrals gives the subalgebra 
s 
T(X) 
of AP(X), P(X) = P( 1x1). Define the map of filtered algebras 
p: BT(X) + s T(X) 
p[w,l . . . Iw,I = s WI.. . w,. 
p is surjective by definition and injective by Lemma 4.3.1 of [ll]. 
Each nondegenerate l-simplex aeX, determines a plot 
a,,: A[O] = { *} + P(X) 
as a map of I into I X I. Such a map is determined by its lift I + Xi x A[ 1] which we define by 
the formula 
p=,(t) = a,(*)(t) = 
{ 
(a,l-2t,O) for OItI+, 
(a, 0,2t - 1) for 4 I t I 1. 
Then a,, is the path from (d,a, *) to (d,a, *) in X,, x A[O]. 
If 01,. . . ) al,EXl and d,a, = d,a,,d,a, = d,a,, . . . , d,a,_, = d,a, then the com- 
position of paths ai . . . aL is called an edge path from u0 = d,a, to u1 = d,a,. Note that the 
composition of the plots q,, . . . q,, is also defined. Given vertices u,, and vi in 1 X 1. Denote by 
EP(X, 00, Vi 1 
the set of all edge paths from u. to ui in 1x1. 
PROPOSITION 4.4. Let w = fwl . . w,efT(X), where wi ET% (X). Then for any edge 
pathcr~EP(X,o,,u,)wehaue~~w=(~(w, . ..w.),~Q~,q=q~+ . . . +q.. 
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Proof. From Proposition 4.3 it follows that it suffices to prove the statement for an edge 
path crcX, (not a composition of paths). But in this case a,(*): I + X, x A[l] is itself a 
product of two paths, say /3,y,, where 
p,(t)=(a,l-t,O) for Oltll, 
y,(t) = (a, 0, t) for 0 I t I 1. 
Let w E T i‘7. Then B,* w and r,* w are elements of degree 1 and weight q in the tame algebra 
P(t)@E(dt). Equivalently ji/?,*wdt and jiy,*wdt belong to Q,. 
A direct verification, by induction, shows that given a sequence of elements 
aiEP(t)@E(dt) of degree 1 and filtration qi, i = 1,2, . . . , n the integral 
jAa,dt . . . a,dtEQq,q=ql+ . . . + q.. The result follows from Proposition 4.3. 
Remark. Note that from this proposition it does not follow that fwl . . . w, is an element 
of the tame algebra since the forms are evaluated only on the edge paths. This fact is the 
content of the following. 
LEMMA 4.1. Let K be ajnitely generated Q,-module, q 2 1, and let 
s 
0.q 
WE i’-(X) OK 
be a cocycle. 
Let a, /I? be two elements of EP(X, vo, vl) which are homotopic by a homotopy that leaves the 
endpoints fixed. Then 
s s 
w= w 
II 
B 
and it takes its value in K. 
Proo$ K is a direct sum of cyclic Q,-modules so it is sufficient o consider the case when K 
has one generator. Moreover it suffices to prove the result in the case when X is the space 
given by the figure 
Vi+, 
Fig. 2. 
Let a and p be the edge paths 
a= . . . 
-2 
B = ao,ao, . . . ao,abagn+3 . . . a,. 
Now we consider two special cases for K separately. 
Case 1. K = Q, with generator a. Then w E s”,‘T(X) @Q, has the form w = w’ @a with 
dw’ = 0. 
Recall the two maps z1 : I -) A[l], a z: I + A[l], a1 (t) = (0, t), a2 (t) = (t, 0) introduced 
earlier in this section. 
Consider the interpretation (i) of A[2] in Fig. 1 and the interpretation (i) in Fig. 3. In these 
458 
“0 
X1 I 
Bohumil Cenkl and Richard Porter 
X1 X0 
“0 “1 
1 l 
X0 “I 
(i) (ii) 
Fig. 3. 
interpretations A[11 is the set of points (0, x) and (x, 0), 0 I x I 1, and A[23 is the set of 
points (0, x, y), (x, 0, y) and (x, y, 0), 0 I x, y I 1. 
Let us define a map 
4: WI+ PWI, uo,+) 
by defining the compositions C#J *a1 and 4 .a,: 
I 
(0, 1 -4t, 1 - 4t + 4tx) for 0 Its*, 
#(a1 (x))(t) = 
(4tx -x, 0, x) for * 5 t I $, 
(x, 0, 3x -4xr) for *<cl& 
(4x -4tx+4t-3,4t-3,O) for $5 t Il, 
I 
(0, 1-4t+4tx, 1 -4r) for 0 It r$, 
$&(x))(t) = (0, x, 0) for fItsi, 
(4t-3,4t-3+4~-4tx,O) for $lt<l. 
Denote by (Vi, vi) the edge path starting at ui and ending at uj in A[2], interpreted as (ii) in 
Fig. 1. Then we observe that 
4.%(l) = a(“0,“,)c4”,,“z), 
4 * aI (01 = 4~. a2 (O), 
C#I. a2 (1) = qV,, v2) up to a reparameterization. 
If we identify A[21 = ( uo, ul, u2 ) in the interpretation (ii) in Fig. 1 with ( Vi, Vi+ 1, Vi+ 2 ) in 
Fig. 2 then the last relations take the form 
+.a,(l) = aO,+,aO,+,, 
+*a,(O) = 4.a2(0), 
$.a2(l) = a,. 
Set 
y = ano . . . cki +3(l)cg,+, . . . ~6,. 
Then a - y and y - /? is the boundary of the domain in 1 X 1, (Fig. 2), defined by the image of 
the map 
for i = 1 and i = 2 respectively. [Here sj (x, r) = a= (r) for 0 5 x 
i + 3, . . . , n.] I 
Then 
which is equal to zero since dw’ = 0. And Ja W’ E Q, by ProPSition 4-4. 
I l,j=O,. . .,i, 
dw’ 
Case 2. K is a finite cyclic Q,-module. Hence it is enough to consider the case when 
K= h/nZ,n=pyl... pp being a product of primes with each prime pj > q. Let a be a 
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generator of K. Then for w = w’ @a E joVqT (X) OK, dw = dw’ @a = 0 implies that there 
exists w” such that dw’ = n w”, since IT(X) is torsion free as an algebra. We want to show that 
s w’ = n*c for some CEQ~. a-B 
Similarly as in Case 1 we have 
j._pw’=[C dw’=nj/“” 
where 5 = Ei + s2, and where dw” = 0 in ji”r(X). Hence it is enough to show that 1, w’ 
belongs to Q,. 
This point requires a special argument which is given in the next proposition. 
Remark. In general it is not true that & w belongs to Q, for w E j “‘T (X) which is not 
closed. 
Given Proposition 4.5 below the proof is completed as follows: There exists WE {‘*‘Y(X) 
such that d+C = w”. Then 
nJz w”=nJ6 dw’=nl_bwi=n.c 
where c E Qq since both j. ti and jg* belong to Qq, by Proposition 4.4. 
Since p: BT(X) + ST(X) induces an isomorphism on cohomology we formulate the 
statement in terms of the reduced bar construction. 
FROWSITION 4.5. HP(g**qT(X)) = 0 for q 2 1 and p 2 1. X the contractible space in 
Fig. 2. 
Proof: Denote by Bp‘J = the submodule of ET(X) generated by the elements 
cw1 I . . - Iw,], wi ETPi.4i (X), pi 2 1, p = 
i=1 
set Fe.9 = ; jj*.4 F7.Q c n 0 m 7 . . . cF,*14, cF*pqc . . n . . 
m=l 
Let (E;-, d, } be the corresponding specteral sequence starting with 
Eb.4.” = jjfqT(X) 
and with the differential 
doCw,l... lw,] = i$l(-l)‘i”“-L’ CWI I . . * IWi-I ldwi lwi+l I . * * IwnI 
where I(k) = j$ (I wj ( - 1). 
The proposition is proved once we show that Epq*” = 0 for p > 0. In that case the spectral 
sequence collapses; EIvqs” = . e . = Et’*” = 0 for p > 0 so that the statement follows. 
The proof that E;*qv” 
subcomplex of B:sq 
= 0 for p > 0 proceeds by induction on q. Btsq-’ @Q, is a 
with respect o do. By induction, this subcomplex is acyclic in positive 
dimensions. On the other hand 
j+/(jj:‘9-1 @Q,) is isomorphic as a complex to 
0 
41+ .” +a=4 
i~~~nC(~:,q~OQq)/(~~q~-LOQq)l . 
1 
Since for i 2 1 s:q = T’+‘,q (X), it follows from the DeRham Theorem and the 
contractibility of X that B:*q is acyclic in positive dimensions. 
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$5. PROOF OF THE MAIN RESULT. 
The identification of the Lazard completion of the fundamental group rri (X, u) with the 
Lazard algebra associated with a l-model M of X follows from the construction and 
properties of a specific map from the path space of X into the Lazard algebra. The 
construction of this map involves the following points: (i) Identification of the Lazard 
algebra LM with the Lie algebra of the quotient algebra of a finitely generated tame algebra. 
(ii) Application of the extended technique of iterated integrals. (iii) Use of the Lazard 
extension of Birkhoff-Witt’s theorem to an integral domain. 
First let us consider the subalgebra M(n) of M for fixed n 2 1. Choose the generators 
(wilisl, and { yi )lol, for M so that the identities in Section 2 hold. For each generator wi of 
dimension one and weight (1 wi 11 introduce an indeterminate zi of dimension one and of the 
same weight II zi II = II wi 11. Introduce the following objects: 
P (~4 = the polynominal ring with unit over Q, generated by the noncommuntatiue 
indeterminates zi of weight I n. 
Pm (z, 4 = the ideal of P(z, n) generated by the monomials of weight 2 m. 
A (z, 4 
B (z, n) 
= P(z, n)/P”+’ (z, n). 
= the quotient of A(z, n) by the ideal S generated by the elements 
{Rij,Rl}, i >j,i,jEI1,IE12, 
Rii = zizj -zjzi -Z atjzk, 
R, = Xb;z,. 
P.(z, n) = the polynominals from P(z, n) with constant term a E Q.. 
A.(z, n), B,(z, n) = the image of P.(z, n) in A(z, n), B(z, n) respectively. 
Notice that the formulas 
log(I+u)=u-;+ . . . (A)‘-$+ . . .) 
uk 
exp(u) = l+u+ . . . +G+ . . . 
define the maps 
A,(z,n)- LAO (z, 4, 
exP 
Bl (z, n) zd% B. (z, n) 
=xP 
with exp (log (1 + u)) = 1 + u, log (exp (u)) = u. 
On A,(z, n) and B,-,(z, n) define the bracket by setting [u, u] s uo - uu. Set LA, (z, n), 
LB,(z, n) equal to the sub-Lie algebra generated by the images in A,(z, n), B,(z, n) of the 
indeterminates (zi } . Recall that the duals xi E Horn (M l,*(n), Q,), xi (wj) = 6,,, determine the 
elements [xi] of the Lazard algebra LM(n). Denoting [xi] again by xi, these elements atisfy 
the relations 
[xi,xj] = Cafjx,,afj= -afi, i,jEl,, 
xb:x, = 0, 1~1~. 
Therefore there is a well defined map of Lie algebras 
8: LM (n) + LB, (z, n) 
given by the map 
Hom(M ‘**(n), Q.) -+ W, n), 
xi --, zi 
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PROPOSITION 5.1. The homomorphism of the Lie algebras 
is an isomorphism. 
8: LM (n) + LB0 (z, n) 
Proof: Let ULM(n) be the universal enveloping algebra of LM (n). Then 0 induces a map 
@ such that the following diagram commutes: 
LM(n) e BO (z, n) 
\ /@ 
ULM (n) 
where i is an injection by Lazard [20]. Note that there is an isomorphism 
ULM (n) z P,(z, n)/S. 
The filtration 
Pt (2, n) C Pr + 1 (z, n) 
induces a filtration of the associative algebra ULM(n); 
U”M (n) E U”+‘LM (n). 
Hence 
ker@ = U “+ ’ LM (n), and 
B,(z, n) 2 ULM (n)/ U n+lLM (n). 
Since i is an injection we get 
ker0 = Imi nke@ 
= LM (n) A U “+‘LM (n). 
From the definition of the bracket in LM (n) it follows that all the elements in LM (n) have 
filtration I n. Hence ker 0 = 0 and 8 is an isomorphism. 
Now we are ready to prove the main result of this section. 
LEMMA 5.1. Let M be a l-model for a simplicial set X and let p: M + T(X) be the 
corresponding map of tame algebras. Then p induces a map pr of all edge paths EP(x, vo, v,), 
between two given vertices vO and v1 in )X 1, into the Lazard algebra LM ; 
px : EP(X, vO, vl)+ LM 
with the following properties: 
(1) The map px is multiplicative in the sense that there is the communtative diagram. 
EP(X,vo,cl)xEP(X,v,,v,)~EP(X,v,,v,) 
I 
PIXP# 
1 _1 
P# 
LMxLM ’ LM 
here E is the composition of paths and c the group operation given by the Campbell-Hausdorfl 
formula. 
(2) Let acX,, d,o = v,,d,a = vI, and let {wi}, wi~M’**(n) for some n, be the 
generators of M, in dimension one, such that p (wi) restricted to o is the zeroformfor all i # 1. Let 
{xi} be the dual elements xi E Horn (M ‘* * (n), Q.) and [xi] E L M (n) be the corresponding 
elements in the Lazard algebra. Then 
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(3) For any vertex v in 1 X 1 the map pr factors through R, (X, v) so that the following diagram 
commutes 
EP (X, v, v) 
Proof. From the definition of LM in section 2 it follows that it suffices to construct the 
maps 
for n 2 1 such that 
P.: EP(X, uO, vi) -+ LM (n) 
EP(Xvo,v,) &+I rLM(n+l) . 
P. 
? 
10Q.+, 
k 
LM (n) ~LMWOQ,+, 
commutes and prove (l), (2), (3) with LM replaced by LM (n). But from the last proposition it 
follows that it is sufficient to prove the statements with LM (n) replaced by LB,, (t, n). 
With that in mind, define the map 
g.: EP(X, uo, vi) -+ Ai (r, n) 
by setting 
where the summation goes over all the I-tuples (iI, . . . , iI), ijEZ,,Z 2 1. By the 
Proposition 4.4 the coefficients (j wi, . . . Wi, ), belong to Q. so that the map gn is well defined. 
From the results of Chen [ 111, [121 it follows that g, is a multiplicative map into A, (z, n) 
and that the image of the composition logg, lies in LA,(z, n). Hence the induced map 
a,: EP(X, vo, vl) + LA,(z, n) 
is multiplicative with respect o the product on LA, (z, n) given by the Campbell-Hausdorff 
formula. Hence the induced map 
b,: EP(X, vo, q) + LB,(z, n) 
is also multiplicative. This completes the proof of (1). 
(2) follows from the considerations imilar to those in [ll], [12]. 
In order to show that the map b, factors through rrl (X, v) it is enough to show that /?i 
factors through homotopies with the endpoints fixed. But from Lemma 4.1 it follows that it is 
enough to show that the elements 
are closed in SM (n)@B,(z, n). By Chen [ll] it is enough to show that for w 
=ICwi@zi~M’**(n)@B,(z,n) 
dw+wAw=O 
in M ‘**(n)@B, (z, n). 
The last identity is equivalent to the identity 
xdw, @z, + ): wi A wj @zizj = 0. 
463 LAZARD COMPLETION OF A GROUP 
From the formulas for the differential on A4 the first term is equal to 
-~,~ja~wiwjOz,+k~ ,g b:y,C& 
I I I 
and the second term is equal to 
1 wiwj @ (ZiZj _ZjZi). 
icj 
Therefore 
dw+w A w = 1 wiwj@(zizj-zjzi-_a~z,)+CC(y,@b~z,) = 0. 
i<j 
This completes the proof of the lemma. 
Let ii, (X, v) be the Lazard completion of the group n, (X, v). Denote by GLM the Lazard 
group given on the Lazard algebra LM by the Campbell-Hausdorff ormula. Recall that the 
graded Lie algebra gr (LM ) of LM is isomorphic to the graded Lie algebra gr (zl (X, u)) [9]. 
We can conclude: 
THEOREM 5.1. The map px induces an isomorphism of Lazard groups 
1~~ (X, u) z GLM 
for any simplicial complex X whose n1 (X, u) has afinitely generated abelianization. 
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